Abstract . We have already defined the evolutes and the involutes of fronts without inflection points. For regular curves or fronts, we can not define the evolutes at inflection points. On the other hand, the involutes can be defined at inflection points. In this case, the involute is not a front but a frontal at inflection points. We define evolutes of frontals under conditions. T he definition is a gener alisation of both evolutes of regular curves and of fronts. By using relationship between evolutes and involutes of frontals, we give an existence condition of the evolute with inflection points. We also give properties of evolutes and involutes of frontals.
Introduction
T he notions of evolutes and involutes (also known as evolvents) were studied by C. Huygens in his work [13] and studied in classical analysis, differential geometry and singularity theory of planar curves ( cf. [3, 4, 6, 10, 11, 12, 17] ). T he evolute of a regular curve in the Euclidean plane is given by not only the locus of all its centres of the curvature (the caustics of the regular curve) , but also the envelope of normal lines of the regular curve, namely, the locus of singular loci of parallel curves (the wave front of the regular curve). On the other hand, the involute of a regular curve is to replace the taut string by a line segment that is tangent to the curve on one end, while the other end traces out the involute. T he length of the line segment is changed by an amount equal to the arc length traversed by the tangent point as it moves along the curve.
In the previous papers [8, 9] , we defined the evolutes and the involutes of fronts without inflection points and gave properties of them. In §2, we review the evolutes and the involutes of regular curves and of fronts. We introduce
Preliminaries
We quickly review on the theory of evolutes and involutes of regular curves and of fronts (cf. [6, 8, 9, 10, 11, 12, 13, 17] ). Moreover, we introduce Legendre curves on the unit tangent bundle and the curvature of the Legendre curve (cf. [7] ).
2.1. Regular plane curves. Let I be an interval or R and let R 2 be the Euclidean plane with the inner product a¨b " a 1 b 1`a2 b 2 , where a " pa 1 , a 2 q and b " pb 1 , b 2 q P R 2 . Suppose that γ : I Ñ R 2 is a regular plane curve, that is,γptq " pdγ{dtqptq " 0 for any t P I. We have the unit tangent vector tptq "γptq{|γptq| and the unit normal vector nptq " Jptptqq, where |γptq| " aγ ptq¨γptq and J is the anti-clockwise rotation by π{2 on R 2 . Then we have the Frenet formulâṫ ptq nptq˙"ˆ0 |γptq|κptq |γptq|κptq 0˙ˆt ptq nptq˙, where the curvature is given by κptq "ṫ ptq¨nptq |γptq| " det pγptq,γptqq |γptq| 3 .
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Note that the curvature κptq is independent of the choice of a parametrisation up to sign. In this paper, we consider evolutes and involutes of plane curves.
Definition 2.1. The evolute Evpγq : I Ñ R 2 of a regular plane curve γ is given by
away from the point κptq " 0, that is, without inflection points (cf. [6, 10, 11] ). Definition 2.2. The involute Invpγ, t 0 q : I Ñ R 2 of a regular plane curve γ at t 0 P I is given by
The following properties are also well-known in the classical differential geometry of curves: Proposition 2.3. Let γ : I Ñ R 2 be a regular curve and t 0 P I.
p1q If t is a regular point of Invpγ, t 0 q, then EvpInvpγ, t 0 qqptq " γptq. p2q If t and t 0 are regular points of Evpγq and not inflection points of γ, then InvpEvpγq, t 0 qptq " γptq`p1{κpt 0 qqnptq.
We say that t 0 is an ordinary inflection point of γ if κpt 0 q " 0 anḋ κpt 0 q " 0. By definition of the curvature, κpt 0 q " 0 andκpt 0 q " 0 are equivalent to the conditions detpγpt 0 q,γpt 0" 0, detpγpt 0 q, ... γ pt 0" 0.
Legendre curves and Legendre immersions.
We say that pγ, νq : I Ñ R 2ˆS1 is a Legendre curve if pγ, νq˚ptqθ " 0 for all t P I, where θ is the canonical contact 1-form on the unit tangent bundle T 1 R 2 " R 2ˆS1 (cf. [2, 4] ) and S 1 is the unit circle. This condition is equivalent toγptq¨νptq " 0 for all t P I. Moreover, if pγ, νq is an immersion, we call pγ, νq a Legendre immersion. We say that γ : I Ñ R 2 is a frontal (respectively, a front or a wave front) if there exists a smooth mapping ν : I Ñ S 1 such that pγ, νq is a Legendre curve (respectively, a Legendre immersion). Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve. Then we have the Frenet formula of the frontal γ as follows. We put on µptq " Jpνptqq. We call the pair tνptq, µptqu a moving frame along the frontal γptq in R 2 and we have the Frenet formula of the frontal (or, the Legendre curve) which is given bŷν ptq µptq˙"ˆ0 ptq ptq 0˙ˆν ptq µptq˙, where ptq "νptq¨µptq. Moreover, there exists a smooth function βptq such thatγ ptq " βptqµptq.
The pair p , βq is an important invariant of Legendre curves (or, frontals). We call the pair p ptq, βptqq the curvature of the Legendre curve (with respect to the parameter t) (cf. [7] ). If pγ, νq : I Ñ R 2ˆS1 is a Legendre immersion, then p ptq, βptqq " p0, 0q for all t P I.
Proposition 2.4. Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq and f : r I Ñ I be a smooth function. Then pγ˝f, ν˝f q : r I Ñ R 2ˆS1 is also a Legendre curve with the curvature pp ˝f qf 1 , pβ˝f qf 1 q. Proof. Since pγ˝f q 1 puq "γpf puqqf 1 puq " βpf puqqf 1 puqµpf puqq " pβ˝f puqqf 1 puqµ˝f puq and pν˝f q 1 puq "νpf puqqf 1 puq " pf puqqf 1 puqµpf puqq " p ˝f puqqf 1 puqµ˝f puq, it holds that pγ˝f, ν˝f q is a Legendre curve with the curvature pp f puqqf 1 puq, pβ˝f puqqf 1 puqq.
Example 2.5. Let n, m and k be natural numbers with m " n`k. Let pγ, νq : R Ñ R 2ˆS1 be
It is easy to see that pγ, νq is a Legendre curve, and a Legendre immersion when n " 1 or k " 1. We say that γ is of type pn, mq. For example, the frontal of type p2, 3q has the 3{2 cusp (A 2 singularity) at t " 0, of type p3, 4q has the 4{3 cusp (E 6 singularity) at t " 0, of type p3, 5q has the 5{3 cusp (E 8 singularity) at t " 0. These types p2, 3q and p3, 4q are Legendre immersions. The type p3, 5q is a Legendre curve but not a Legendre immersion, see Example 4.1. By definition, we have µptq " p1{ ? t 2k`1 qp 1, t k q and
Definition 2.6. Let pγ, νq and pr γ, r νq : I Ñ R 2ˆS1 be Legendre curves. We say that pγ, νq and pr γ, r νq are congruent as Legendre curves if there exists a congruence C on R 2 such that r γptq " Cpγptqq " Apγptqq`b and r νptq " Apνptqq for all t P I, where C is given by the rotation A and the translation b on R 2 .
We have the existence and the uniqueness for Legendre curves in the unit tangent bundle like as regular plane curves, see [7] . In fact, the Legendre curve whose associated curvature of the Legendre curve is p , βq, is given by the form γptq "ˆż βptq sinˆż ptqdt˙dt,
Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq.
Definition 2.9. We say that a point t 0 P I is an inflection point of the frontal γ (or, the Legendre curve pγ, νq) if pt 0 q " 0.
Remark that the definition of the inflection point of the frontal is a generalisation of the definition of the inflection point of a regular curve (cf. [7] ).
We also recall the notion of the contact between Legendre curves (cf. [7] ). Let pγ, νq : I Ñ R 2ˆS1 ; t Þ Ñ pγptq, νptqq and pr γ, r νq : r I Ñ R 2ˆS1 ; u Þ Ñ pr γpuq, r νpuqq be Legendre curves respectively and let k be a natural number. We say that pγ, νq and pr γ, r νq have at least k-th order contact at
In general, we may assume that pγ, νq and pr γ, r νq have at least first order contact at any point t " t 0 , u " u 0 , up to congruence as Legendre curves. We denote the curvatures of the Legendre curves p ptq, βptqq of pγptq, νptqq and p r puq, r βpuqq of pr γpuq, r νpuqq, respectively.
If pγ, νq and pr γ, r νq have at least pk`1q-th order contact at t " t 0 , u " u 0 , then
Conversely, if the condition p3q holds, then pγ, νq and pr γ, r νq have at least pk`1q-th order contact at t " t 0 , u " u 0 , up to congruence as Legendre curves.
Definition 2.11. We say that a Legendre curve pγ, νq : I Ñ R 2ˆS1 is a part of a circle if there exist a smooth function θ : I Ñ R and constants r, a, b P R such that γptq " pr cos θptq`a, r sin θptq`bq, νptq " pcos θptq, sin θptqq.
Proposition 2.12. Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq. The Legendre curve pγ, νq is a part of a circle if and only if there exists a constant r P R such that βptq " r ptq for all t P I.
Proof. Assume that the Legendre curve pγ, νq is a part of a circle and is given by (4). Since µptq " p sin θptq, cos θptqq, we have ptq "θptq and βptq " rθptq. Thus, βptq " r ptq holds.
By the existence and uniqueness Theorems 2.7 and 2.8, the converse holds.
Note that a part of a circle may have singular points and inflection points.
Evolutes and involutes of fronts.
Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq. If pγ, νq does not have inflection points, namely, ptq " 0 for all t P I, then pγ, νq is a Legendre immersion. In this subsection, we assume that pγ, νq does not have inflection points. Definition 2.13. The evolute Evpγq : I Ñ R 2 of the front γ is given by
Definition 2.14. The involute Invpγ, t 0 q : I Ñ R 2 of the front γ at t 0 P I is given by p1q Invpγ, t 0 q is diffeomorphic to the 3{2 cusp at t 0 if and only if t 0 is a regular point of γ. p2q Invpγ, t 0 q is diffeomorphic to the 4{3 cusp at t 0 if and only if γ is diffeomorphic to the 3{2 cusp at t 0 .
Let pγ, νq : I Ñ R 2ˆS1 be a Legendre immersion with the curvature p , βq and without inflection points. By Proposition 2.15, pEvpγq, Jpνqq : I Ñ R 2ˆS1 and pInvpγ, t 0 q, J 1 pνqq : I Ñ R 2ˆS1 are also Legendre immersions without inflection points for any t 0 P I. Therefore, we can repeat the evolute and the involute of the front.
We give the form of the n-th evolute and the n-th involute of the front, where n is a natural number. We denote Ev 0 pγqptq " γptq and Ev 1 pγqptq " Evpγqptq for convenience. We define Ev n pγqptq " EvpEv n 1 pγqqptq and β 0 ptq " βptq, β n ptq " d dtˆβ p1q pEv n pγq, J n pνqq : I Ñ R 2ˆS1 is a Legendre immersion with the curvature p , β n q, where the n-th evolute of the front is given by
and J n is n-times operation of J. p2q pInv n pγ, t 0 q, J n pνqq : I Ñ R 2ˆS1 is a Legendre immersion with the curvature p , β n q, where the n-th involute of the front γ at t 0 is given by
and J n is n-times operation of J 1 .
Evolutes and involutes of frontals
Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq. We can define the involute of the frontal as the same form of the involute of the front. Definition 3.1. The involute Invpγ, t 0 q : I Ñ R 2 of the frontal γ at t 0 P I is given by
On the other hand, Proposition 2.16 suggests that we may define an evolute of the frontal under existence and uniqueness conditions. Definition 3.2. The evolute Evpγq : I Ñ R 2 of the frontal γ is given by Evpγqptq " γptq αptqνptq, (8) if there exists a unique smooth function α : I Ñ R such that βptq " αptq ptq. In this case, we say that the evolute Evpγq exists.
The uniqueness condition is well-known as a topological condition (cf. [16] ). Lemma 3.3. Suppose that there exists a continuous function α : I Ñ R such that αptq " βptq{ ptq on L " tt P I | ptq " 0u. Then the function α is a unique if and only if L is a dense subset of I, namely, L " I.
Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq. In this paper, we assume that L " tt P I | ptq " 0u is a dense subset of I. This condition follows that if such a smooth function α exists, then the uniqueness condition is satisfied by Lemma 3.3.
Remark 3.4. If the inflection points ptq " 0 are isolated, then the condition that L is a dense subset of I is satisfied.
If t 0 is an inflection point of pγ, νq and the evolute Evpγq exists, then the inflection point must be a singular point of γ. It follows that t 0 is a singular point of Legendre curve pγ, νq, that is, p pt 0 q, βpt 0" p0, 0q. p1q If the evolute Evpγq of the frontal exists and βptq " αptq ptq, then the evolute Evpγq is also a frontal. More precisely, pEvpγq, Jpνqq : I Ñ R 2ˆS1 is a Legendre curve with the curvature p ptq,αptqq .
p2q The involute of the frontal Invpγ, t 0 q is also a frontal for each t 0 P I. More precisely, pInvpγ, t 0 q, J 1 pνqq : I Ñ R 2ˆS1 is a Legendre curve with the curvatureˆ ptq,ˆż
Proof. p1q By using the Frenet formula of the Legendre curve, we havė
Evpγqptq "γptqαptqνptq αptqνptq " βptqµptqαptqνptq αptq ptqµptq "αptqJpJpνptqqq.
It follows thatĖvpγqptq¨Jpνptqq " 0. Since pd{dtqJpνptqq " ptqJpJpνptqqq, the curvature of the Legendre curve pEvpγq, Jpνqq is given by p ptq,αptqq . p2q By using the Frenet formula of the Legendre curve, we havė Invpγ, t 0 qptq "γptq βptqµptqˆż It follows thatİnvpγ, t 0 qptq¨J 1 pνptqq " 0. Since pd{dtqJ 1 pνptqq " ptqJpJ 1 pνptqqq, the curvature of the Legendre curve pInvpγ, t 0 q, J 1 pνqq is given byˆ ptq,ˆż t t 0 βpuqdu˙ ptq˙.
T. Fukunaga, M. Takahashi
By Proposition 3.5, if t 0 is an inflection point of a Legendre curve pγ, νq, then t 0 is also an inflection point of both the evolute if exists, and the involute of the frontal. Moreover, t 0 is a singular point of the involute of the frontal. The important difference between the evolute and the involute of the frontal is that we can always repeat the involute of the frontal but can not repeat the evolute of the frontal in general.
Proposition 3.6. Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq.
p1q The evolute of the involute of the frontal always exists and EvpInvpγ, t 0 qqptq " γptq for any t 0 P I. p2q If the evolute Evpγq of the frontal exists and βptq " αptq ptq, then InvpEvpγq, t 0 qptq " γptq αpt 0 qνptq for any t 0 P I.
Proof. p1q
We denote the curvature of the involute of the frontal by p 1 ptq, β 1 ptqq. Since the form of the curvature of the involute of the frontal in Proposition 3.5 p2q, 1 ptq " ptq and β 1 ptq " αptq ptq, where αptq "
βpuqdu.
By definition of the evolute of the frontal, it holds that
EvpInvpγ, t 0 qqptq " Invpγ, t 0 qptqˆż
p2q By definition of the involute of the frontal, it holds that
puqdu˙Jpµptqq " γptq αptqνptq`αptqνptq αpt 0 qνptq " γptq αpt 0 qνptq.
By a direct calculation, we have the following Lemma.
Lemma 3.7. Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq.
p1q detpγptq,γptqq " 0 and detpγptq, ... γ ptqq " 0 if and only if βptq " 0, ptq " 0 and˙ ptq " 0. p2qγptq " 0,γptq " 0, detpγ p3q ptq, γ p4q ptqq " 0 and detpγ p3q ptq, γ p5q ptqq " 0 if and only if βptq "βptq " 0,βptq " 0, ptq " 0 and˙ ptq " 0. p1q γ is diffeomorphic to the 5{3 cusp at t 0 if and only if the evolute Evpγq of the frontal exists, βptq " αptq ptq around t 0 with αpt 0 q " 0 and t 0 is an ordinary inflection point of Evpγq. p2q Invpγ, t 0 qptq is diffeomorphic to the 5{3 cusp at t 0 if and only if t 0 is an ordinary inflection point of γ.
Proof. p1q By Lemma 3.7, we have βpt 0 q "βpt 0 q " 0,βpt 0 q " 0, pt 0 q " 0 and˙ pt 0 q " 0. Since t 0 is an isolated singular point of pγ, νq and
there exists a unique smooth function germ α : pI, t 0 q Ñ R such that βptq " αptq ptq with αpt 0 q " 0. It follows that Evpγq exists around t 0 . Note that Evpγqpt 0 q " γpt 0 q. Sinceβptq "αptq ptq`2αptq˙ ptq`αptq¨ ptq, we havė αpt 0 q "βpt 0 q{p2˙ pt 0" 0. It follows from pd{dtqpEvpγqptqq "αptqJ 2 pνptqq that t 0 is a regular point of Evpγq. By Proposition 3.5, the curvature of the Legendre curve of the evolute is p ptq,αptqq. Hence, t 0 is also an ordinary inflection point of Evpγq by Lemma 3.7. Conversely, if t 0 is an ordinary inflection point of Evpγq, we have pt 0 q " 0 and˙ pt 0 q " 0. By αpt 0 q " 0, we have βpt 0 q " 0 andβpt 0 q " 0. Moreover, since t 0 is a regular point of Evpγq, namelyαpt 0 q " 0, we haveβpt 0 q " 0. It follows from Lemma 3.7 that γ is diffeomorphic to the 5{3 cusp at t 0 (cf. [5, 14, 15, 18] ).
p2q Suppose that Invpγ, t 0 qptq is diffeomorphic to the 5{3 cusp at t 0 . By Proposition 3.6 and p1q, it holds that t 0 is an ordinary inflection point of γ.
Conversely, if t 0 is an ordinary inflection point of γ, then βpt 0 q " 0, pt 0 q " 0 and˙ pt 0 q " 0 by Lemma 3.7. By Proposition 3.5, the curvature of the Legendre curve of the involute is given by
By a direct calculation, we have
It follows from Lemma 3.7 that Invpγ, t 0 q is diffeomorphic to the 5{3 cusp at t 0 .
Remark 3.9. If t 0 is an inflection point and a singular point of the frontal γ, then γ is degenerate more than 3{2 cusp at t 0 . Indeed, we haveγpt 0 q " βpt 0 qµpt 0 q " 0 and detpγpt 0 q, ... γ pt 0" 2βpt 0 q 2 pt 0 q " 0 (cf. Propositions 2.17 and 2.18).
Proposition 3.10. If pγ, νq : I Ñ R 2ˆS1 is a part of a circle, then the evolute of the circle exists and is given by a point.
Proof. There exist a smooth function θ : I Ñ R and constants r, a, b P R such that γptq " pr cos θptq`a, r sin θptq`bq, νptq " pcos θptq, sin θptqq.
By Proposition 2.12, βptq " r ptq. It follows that Evpγqptq " γptq rνptq " pa, bq.
Definition 3.11. We say that t 0 is a vertex of the frontal γ (or, of the Legendre curve pγ, νq) if the evolute Evpγq of the frontal exists anḋ Evpγqpt 0 q " 0.
Suppose that the evolute of the frontal Evpγq exists and βptq " αptq ptq. Then t 0 is a vertex of the frontal γ if and only ifαpt 0 q " 0.
Proposition 3.12. Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq and t 0 P I. Suppose that the evolute Evpγq of the frontal exists and βptq " αptq ptq. We denote pr γ, r νq : I Ñ R 2ˆS1 by a part of a circle with the curvature p ptq, αpt 0 q ptqq. p1q pγ, νq and pr γ, r νq have at least second order contact at t " t 0 , up to congruence as Legendre curves. p2q If t 0 is a singular point of pγ, νq, then pγ, νq and pr γ, r νq have at least third order contact at t " t 0 , up to congruence as Legendre curves. p3q If t 0 is a singular point and a vertex of pγ, νq, then pγ, νq and pr γ, r νq have at least 4-th order contact at t " t 0 , up to congruence as Legendre curves.
Proof. p1q Since p pt 0 q, βpt 0" p pt 0 q, αpt 0 q pt 0 qq, it holds that pγ, νq and pr γ, r νq have at least second order contact at t " t 0 , up to congruence as Legendre curves by Theorem 2.10.
p2q By differentiating βptq " αptq ptq, we haveβptq "αptq ptq`αptq˙ ptq. By the assumption, pt 0 q " βpt 0 q " 0 holds. It follows that p˙ pt 0 q,βpt 0" p˙ pt 0 q, αpt 0 q˙ pt 0 qq. By Theorem 2.10, pγ, νq and pr γ, r νq have at least third order contact at t " t 0 , up to congruence as Legendre curves.
p3q Also we haveβptq "αptq ptq`2αptq˙ ptq`αptq¨ ptq. By the assumption, pt 0 q " βpt 0 q "αpt 0 q " 0 holds. It follows that p¨ pt 0 q,βpt 0" p¨ pt 0 q, αpt 0 q¨ pt 0 qq. By Theorem 2.10, pγ, νq and pr γ, r νq have at least 4-th order contact at t " t 0 , up to congruence as Legendre curves.
Remark 3.13. Suppose that t 0 is a regular point and not an inflection point of γ. It is well-known that if t 0 is a vertex of γ, then γ and the osculating circle have at least third order contact at t 0 .
Proposition 3.14. Let pγ, νq and pr γ, r νq : I Ñ R 2ˆS1 be Legendre curves with the curvatures p ptq, βptqq and p r ptq, r βptqq, respectively.
p1q Suppose that the evolute Evpγq of the frontal exists and βptq " αptq ptq.
If pγ, νq and pr γ, r νq are congruent as Legendre curves, then the evolute Evpr γq of the frontal exists. Moreover, pEvpγq, Jpνqq and pEvpr γq, Jpr νqq are congruent as Legendre curves. p2q Let t 0 P I. Then pγ, νq and pr γ, r νq are congruent as Legendre curves if and only if pInvpγ, t 0 q, J 1 pνqq and pInvpr γ, t 0 q, J 1 pr νqq are congruent as Legendre curves.
Proof. p1q Since p ptq, βptqq " p r ptq, r βptqq, we have r βptq " αptq r ptq. Thus, the evolute Evpr γq exists. Moreover, the curvatures of the evolutes are the same p ptq,αptqq. By Theorem 2.8, pEvpγq, Jpνqq and pEvpr γq, Jpr νqq are congruent as Legendre curves.
p2q If p ptq, βptqq " p r ptq, r βptqq, then ptq,ˆż t t 0 βpuqdu˙ ptq˙"ˆr ptq,ˆż t t 0 r βpuqdu˙r ptqḣ olds. It follows that pInvpγ, t 0 q, J 1 pνqq and pInvpr γ, t 0 q, J 1 pr νqq are congruent as Legendre curves. The converse is a direct corollary of p1q and Proposition 3.6.
Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq and f : r I Ñ I be a smooth function, where r I is an interval or R. By Proposition 2.4, pγ˝f, ν˝f q : r I Ñ R 2ˆS1 is also a Legendre curve with the curvature pp ˝f qf 1 , pβ˝f qf 1 q. Proposition 3.15. Under the above notations, we have the following. Suppose that r L " tu P r I| pf puqqf 1 puq " 0u is a dense subset in r I.
p1q If Evpγq exists, then Evpγ˝f q exists and Evpγ˝f qpuq " Evpγqpf puqq P EvpγqpIq. p2q Let u 0 P r I. Invpγ˝f, u 0 qpuq " Invpγ, f pu 0 qqpf puqq P Invpγ, f pu 0 qqpIq.
Proof. p1q There exists a unique smooth function α : I Ñ R such that βptq " αptq ptq. It follows that pβ˝f puqqf 1 puq " pα˝f puqqp ˝f puqqf 1 puq. By definition of the evolute of the frontal, we have
Evpγ˝f qpuq " γ˝f puq pα˝f puqqpν˝f puqq " Evpγqpf puqq P EvpγqpIq. βptqdt˙µ˝f puq " Invpγ, f pu 0 qqpf puqq P Invpγ, f pu 0 qqpIq.
Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve. We define a parallel curve γ λ : I Ñ R 2 of the frontal γ (or, Legendre curve pγ, νq) by
where λ P R.
Proposition 3.16. Let pγ, νq : I Ñ R 2ˆS1 be a Legendre curve with the curvature p , βq.
p1q The parallel curve γ λ : I Ñ R 2 is also a frontal for any λ P R. More precisely, pγ λ , νq : I Ñ R 2ˆS1 is a Legendre curve with the curvature p ptq, βptq`λ ptqq .
p2q If the evolute Evpγq exists, then the evolute of a parallel curve of γ exists. Moreover, the evolute Evpγ λ q coincides with the evolute Evpγq.
Proof. p1q Let γ λ ptq " γptq`λνptq where λ P R. By the Frenet formula, we haveγ λ ptq "γptq`λνptq " pβptq`λ ptqqµptq holds. It follows thatγ λ ptq¨νptq " 0 and hence pγ λ , νq is a Legendre curve. Then the curvature of the Legendre curve pγ λ , νq is given by p ptq, βptq`λ ptqq.
p2q There exists a unique smooth function α such that βptq " αptq ptq. By the form of the curvature of the parallel curve, we have βptq`λ ptq " pαptq`λq ptq.
Therefore, the evolute of γ λ exists again. Moreover, Evpγ λ qptq " γ λ ptq pαptq`λqνptq " γptq αptqνptq " Evpγq.
Proposition 3.17. For any points t 0 , t 1 P I, the involute Invpγ, t 1 qptq is a parallel curve of pInvpγ, t 0 q, J 1 pνqq.
ptq "
k sin k 1 t cos k 1 tF pt; n, kq 8ppp2n`kq cos 2 t n kq 2 cos 2k t`pp2n`kq sin 2 t n kq 2 sin 2k tq , βptq " sin n 1 t cos n 1 t b pp2n`kq cos 2 t n kq 2 cos 2k t`pp2n`kq sin 2 t n kq 2 sin 2k t, where F pt; n, kq " k 2`4 np1`nq`2kp1`2nq`pk 2`4 np 1`nq 2kp 1`2nqq cos 4t.
Under the conditions F pt; n, kq " 0 for all t P r0, 2πq and n ≥ k, there exists a unique smooth function αptq " 1 kF pt; n, kq´8 sin n k t cos n k tppp2n`kq cos 2 t n kq 2 cos 2k t pp2n`kq sin 2 t n kq 2 sin 2k tq
Then the evolute of the frontal γ exists and is given by Evpγqptq " γptq αptqνptq. Note that if k " 1, 2, 3, 4, 5 and n ≥ k, then F pt; n, kq " 0 for all t P r0, 2πq.
As a concrete example, we take n " 3, m " 5 and k " 2. It follows that there exists a unique smooth function α : r0, 2πq Ñ R, αptq " p15`17 cos 4t`4 cos 8tq 3 2 96p3`2 cos 4tq sin 2t.
The evolute Evpγqptq " γptq αptqνptq of the frontal γ, see Figure 2 right. 
